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Lbstract

b time-series data sat of solar radiatien and planula prodaction in two
553Un1n types of the eoral Pecillopora darigornls ¥as analjted vsinyg ag¢justa-
ble, dafa-=moorhing aigital £IITETD FETEeRSTETE THE Lime=Serins inta z§clil coR-
ponents. AEnual anpt FomiLiy Ccycied were described and separtated from the noise
component by a Cloarfous mathematica ;echnxiuef Thiz exemplary analysis cemer-
strates tne gsefyluess of the pethad in Liclogical applicaricas o coral reefs.
Introduction

1nvestigatinne in the birlogiczl sciences frequently involve the measurement
5f pne O more etreripental variaples at reqular intervils,  These megSurlenents
are oaftren contaminated with Iandom vapise” fhat gbscures the pehavicer of the un-
declyina phenonengd unier studg, vartherogre, if the true [i.€. norse-free he-
Ravior i3 governed by ceveral different influences that 7ac?y with time, the COP-
tribution of each dtiving force wmay be difficule ta indepandently assess. in
spite of rhese fectoTs, gattarns «ithzn and petween data sets ace pften discer~
Rabie. This article jesciates a set of data analysis to¢ls and assoclated meta-

cdoiogy forC locating and measurilg

these patierns.

t:ipe-series and  consists of a se-

The data for each mr.surement is called a :
quence of ohserved values cf a2 sxperisental variaktle peasured at equal intel-
Yals over a Fixed periad of time. The +ime-sefies analzsxs p:?cedureldesc:1ped
here (hereafter referred to as TSAP) tas been designed o elipinate opservation
noise, resolve =eaca fipa-gerles 1n:o 3 sym of compdnent time-5eCies then com=
ars the componerts using a lagged corfelation teshnigue. The TSLP canm be in-
ftiailed on microcorpyters for "use in 3 labctatarz efivironoment. It provides
vorking scientists »ith visuai dizelays of thear data a procednre for aodeling
the izfa, add a rweans of meaczuring and displaying the correlation hetveen apy

tyo tipe-series.
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cycle, YOEs;bly dus to sunspot activity,” ite presence has_
yelatively high ncise iptepsity, due for the most pert to =
folloving 5ecgian we will develop 3 o¢neral opodel assuned to b a
tire-secies that 15 bhased oo the veaZly cycle an Fio.o 1a 2nd Lhe monrthiy oyc
in Fin=s. 1b amd 1c¢.

Data Medeling
ros the above considerations, we are guided to sepatate each time-series

inta *thrae corponents as indicated ip the followiny diagram:

Raw Data. 4 Filter| — 3 Component 3
k] [yearly cycle)

L Residuels

WFi%ter Component ?
: | — t{aonthly cycle)

Cospopent 3
[boised

Residuals from Filter 1 are obtained by subtractiang daily values of the yearly
cycle from corresgondjrg valuee of ¢he raw data. Component 3 is obt;;ned simi=
larly. Hotice ka+t eact filtering operation seperates its  1pput time-Serles
inte exactlg tvo corponents aid thaf components 3 and 2 in the dlpgram aTe sio-
plv smoothed versions of thell respective ihput time-series, with residuals i=
eath case beina regarded as neoise with respect to the filter. Bestric+tizy fil-
tars to be spoOthers simpllifies the specification of filter gacaneters gescrlned
below. Llso, nmore Compohents can bé separated by simply alding more £ilteriung
operations,

ke Tovw have a aeneral rodel of the input data, vemely:
rav data = yearly cycle + monthly zycle + noise.

The next steg is to matchk this to a mathemetical wmodel. TsAP's modeling proce-
dure makes acit use of a basic mathematical fact frorm linear algepra: any
time-series of length, say, X measurenents can be reP;esenteg exactlz fi.e8. mod=~
eled eyactly) by a lineaf combination of ¥ ather Sime-series rraovided these
latter time-series are indeprrdent  of each_ other {Jdraper and Sgith, 19@&&.
Among the sappiest classes of independent pmoleling functions are thre pelvynomials
and trigongretric functione., knile the different classes zllow the ihveSiigater
greater modeliny flewxitility, our experience has leen that final results are

fiearly the same provided eguivalent Choices from each class are made.  in the
resent case, he general model tontalns periodic comgonents and so trigongme-
ric functiops are used as_the mpdeling hlogcks, Io other rases, such as stock

market data that contains linear +rends, polynomials may be more appropriate.

let ¥ represent the nurher of observations in  the data window and izt # rep-
resert a class of modeling functisns defined by

Cx{ny = cosine @ {k-1)R/H) n=1,2,..., 8

2 - H. For each ¥, C% is 3 discrete peticdic functionm having fre-
ggency (k=t W cycles-per-day and period EN/(k—ﬁl davs.,  When k=1, €1 =71 for
each n., This i5 & degenerate trigepometric function o0f infinite periocd, t.e., a
horizontal ine, ani 15 rcrequifed 1o model the overall mean  of tﬁe data.
function T2 has a period of 2¥days, C3 a peried of N days and se on; finally CN
his a pe{xnd of 2 days. Tkis is’ £he minimor detectable period of a daily San-
pling rate.

for ¥ = 1

=
——
o A

For each cogpenent we puct Sclect a data window length W and_ then choose
those mexbers of F which best model the trend we are seeklnq to isclate. S1nce
iiput time-series are alsavs smosthed, only the first few functions in % are
used t3 7odel the +trend. If the f3rst P fanctions are used we say the filter
has order F. Fiiters are compleiely characterized by the window {en th W and
the order P which are tie pnly innuts required by the filtering algori%hm, De-
sides the input data, Selectiop ¢f W and T ray reguire a tridl-and-error pro-
cess. As & general gjuoide superimpose? plots “of Tav and smoothed data should

comvare reaschably weli with what the investigator right drawv freehand. If P=|
that 15 1if only the functior €1 1s used, the f1ltering ptocess is iderntical with

a cimple moviné average, A% it contains very little model structure, this fil-
ter tends to overseooth, larger values of P° mean the model is able to rcapture
finer features in the data. HoweveI, Care cust be taken not to choose T too

large, or portions of the noise zay be ipcluded ip the tremd. Table 1 indicater
arpiopriate choices for the present situation.

Fia. 2 shows the cuput from Filter 1 for ecach time-series. The sircilarity
between 2a and 2¢ is now more aprparent, . Also, the lack of similarity betveen 2a
and 2h is apparert. Fesiduals from this first filtering are shown in Fin.

where monthly cycles are still obviowes in 3k and_3c, but not in 3Ja. Figs. 4 and
5 are the trend and noise, respectively, from Filter 2. Type Y planula exbibits
& fairly regular cyclic pattern vitk & period of abpat 30 days, while Type B
shovs sbpe lrregulafities durirg late wibter and early sprieg. tlso, maXkimum
planuia production for Type 7 sé&ems to occur later tham Type B.
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Fig. 2¢. Type B planula yearly cycle.
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Fig. 2b. 7Type Y planula yearly cycle.
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Fig. 2a. Solar vearly cycle.

Fig. 2. Comsponent 1,
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Table 1.

R R T I I AN AR F S EEAANY N CE A NENOEEENECACECEERER BRErFEaEstE=mA

é;n onent Assumed Rindow k-values Perind Fi
pomemt gerigg__ Length of Ck Pnraizgzrs
] 365 200 1 i i =
days dnys 2 l“ﬁﬁEi‘e gtgoo
3 200
2 o 30 1 infinite u=go
days days 2 60 P=
z 3
5 15
===========z=====2‘====‘=-I===='::‘====!-============-:-‘===‘:=.=

Sone of these observations can be guantified using a statistic knove as the
(linear) correlation coefficient and dénoted here by f. The correlstion coeffi-
cient measures, it & sense the similarity betueen tva time-series, It ¢an be

regarded as a  meaS¥re of how
igear Function of the other. Talues for r vange betwgen -1 and 1. If r=1por
r=-1 we say the tise-series are coapletely correlated; if r is negative thez are
nejatively correlated. If =0 the tiwme-series are oncorrelated or indepebdent
of "each other. Another way to view r is that r® can be thought of mz the frac-—

tion of the wariance of one time-series that is *“explained" hy the cther.

Correlation values for pairs of smoothed tiwe-series nre givan in Table 2
column 3. Correlations for pairs éa and &b appeat %o agraee’ fairly wvell with
visval inspection. Seall correlations for the f ir=s in rig. 7 inﬂica{e they are
essentially uncorrelated even though the month ¥ tycles £6r the corals (4b and
4c) apoear quite similar. The reason is that they are slightly shifted: 1f rig.
4b an1 Uc are superinmposed and 4c is woved to thé right B days relative to &
the cutves line up much better. Fig. 4b is sajd to # ag™ Ue by B days, i }o%
of correlation versus lag time aay nade and the lag time at msaxidup corréla-
tion, the so-called phasé-shift, Tead fros the plot, igs. 6, 7 and 8 are lag-
ged correlation plots for the pairs in Table 2. The lasSt colean ip Teble 2 1a-

icetes the waximur correlatlion for gpon-zero lag times. Pig. 7a reveals a
fu1t1g high correlation between planula montkly éyeles at B a lag tige a2s ex-
pected. For pair fa the large phase shift 200 days) trelative to a period of
about 365 days and the lov cortelation indicate the two curves ate unrelated,
while th reveals a kigh correlation at a lag of U0 days. o arentl; Type B ¢or-
als are more respondent to gradeal changes in solar iptensit than Ine Y. From
?125. Th and Tc we conclude theat planula montbly cycles are assentia 1y uncorre-
lated vith the sopmevhat irregular sclar amenthly cycle.

Tatle 2,

AN oL S S I T I LSS rERETicE Al EE I SRR R AR Rt AN N AE NI FFI=¥EIEEETESEWESZ
¥i Time- ies ierc-la Phase Maxigum Lagged
e lﬂgafﬁr ¢ Eorrelatgon Shift Correlation _

& - -0, 26 200 .31

&b %:-53 0.6 a0 0.86

7a 4b-le 0.01 8 0.639

Ib ta-ub -0.01 56 0.08

¢ Ya-tc -0.01 48 .11

8a Ub-tb 1,09 30 0.92

Ak be-be 1.00 30 0.8%

lagged versjon of itselfa tthe [esultant

ipe-seri i d vith a
If a ti eries is conpared loaghbeen use o detect and

lot 35 called ap aoto-cotrelation. . These have o
easure the periods wvithin a tire-series. They have e nroperty that zero-lag
correlation 15 always one, as required by Equition 4, and thal & phase shif

equals the length of the period of 2 cokpenent.  Auto-correlatior plots for
sgnth cycles of hoth planula types are shosh  1n Fig. e (Tgpe Y} _ and 8b (Type
B) . Each reveals s phase shi.E of 310 days in agreeément vith the 29.5 day lunar

cycle.
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Fig. 7e. Correlation betveer monthly cycles of solar and Type B planula data.

+1

CORRELATION
Q

-1 1 T T T T T
0 20 40 60
TIME (day)
Ffi14. 7b. Cortelation betveen nonthly cycles of solar acd Type Y planule date.
+1 i 1 i 1 1 !
Z o L
0
<
- O L
i
o
=4
g - r
-1 T ¥ T T T T
Q 20 40 60

TIME (day)

Fig. 7a. Correlation betveen monthly cycles of Type T and Type B planula data.

Fig. 7. Correlations for monthly cycles.
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The Filtering Algorithm

ithi? t?éi section ve present the wmatkematics underlying the filtering algor-

LSRR IR S IS 4 LI RN 'Y 7

represent time-series X of M observations, or measuresents, ang let I(n& mt. re-
E AESuUN®

sent the nth observation of
only tvo compohents: X For fillering purposes, pvE

Yin) = Y(n) ¢« Zin), a = 1,2,...,HK
otr, more simply: ¥ = ! + 7. Here t t tefents the tftend 1o ¢ and ¥ represents
fifter res idu 3!5. 3 ca o =1 PI is kn ovh, ve on)y n.pS to @ :g-:t: .
Let W be the data u1n ow _lepgth uhpr and let 3= (Ck, ? rnasn
represents a faoil { modeling tunctrons to this vindow length. ls describe
in Section y t e fivst fev meabers o § are ysed *o model & given data

3
conponent. let £ be the nuaber of reqguired -odsl;ng functions. Then is esti-
zated Ly a llnea: conbination of the first P ao g functions:

i ?=a1c1012c2+-..+nc9-£ajc3

vhere Y is the estxunte of ¥ and the Aj's are re :ossiun coefficlients. The lj_&

;ted tS minimize the sums of squargd differences beat us the est aateE
au 1nput ate X. Using tle lsthgg 2 least-sguuies, ve ?;nd the Aj's tnat
n;nxn;ze

n
{2 s = z(?(n) - x(n 2
nE

Substityting for ﬁkn) in {2) glves

= - X 2
3 ) 5 n%( 5{13 €3 {n] tn})

and the minimizing A3'= are found by differentiating 5 with respect to esch Ak

L $ : ’
e w? [ At C3(n) = Xiu}) Zk(n} = a, e Vaa.,
¢ 11 ng‘l i=1
Revarsing the summation orders in (4] glves
P
&) piv = ﬁ Xiny Cxin} L L ISR, |
(5) I, Mok
where
{5} tik = zi ci(ny Cki(m
o=

Pquations (%) are knokv as the Hormal Fouations far this particular problem and

thnn 2
ate wsvally splved by inverting the aatrix Djk. However, if M 1s lat?r:e |4

ch compatation
patriy inversion at'each data P°-Equ£°§°$£nsa§°€he'é;..-qcﬁnxdt orthgaunal zes

techn
Er%ﬁt;ggéedurén?igggisteé?g 1qee the noﬁeling fynctions C% can be adjusted S0
that
0 if J rXx
Dik = .
0 3 1 if = X

<he scdeling capabilities of the Ck's.

This adjustment has no effect on
tomatically =solved for the hj's:

The Normal Equations ({5} are now ab

(9 Ay o= }E T (n Cilonl = 1,00-4P
. d (S}
1) an .
i nov easily derived froas equations |
33? gﬁ;uiinglifeﬁlzq aéggr t?: i§t1nate ot ; 15 givep by
P
Am) = T Ak Cx(m,
k=1
¥
= 3 Xin) CRin) Ck(®) .
k=1 n=1
N P
= ck{ny Chim}p X(m,
a=%t k=

and finally
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k|

N .

{9} Tioy = 3, Telw Iin M= teeaa,F
o=
where
(m Fainy = #§1 ck[n] Ch(m B0 = Tgpeea,N .
Fquation a is the filterin algjoriths with filter coefficients tweights)
thnl. 1* %he window length ig rhosen equal *o data length 4, the aigo:;tﬁm is
squivalent to @ least-=guares fit of the input data to the podel, However, DD-
tice that, as it stands, _the algorithms = requires a differert zet of filter
weights for each filtered point_ (eacb B}, rfesulilhg ib little, if ary, _tomputas
tional savings over the Falrix invers.on procedure. To avoid this prohlem, an
pproach 1S nsed.

hechne M 15 odd and let u = (N ¢ 13rs2; then w) 1is the estimate of ¥ at the
aitdpoint of the windov. tf tte windov moves ofward in tiwe by gpe unit the
piipoint tilter weights fo not change, Therefore, neglectinyg the first and last

u palnts in the Input tine-sefies, ectirates for ¢ can be written

to provide & kroader class ¢f data aodels.‘éihe following 3

sl L .
[A R} Tixl =j'€u G{1) Y (k+}) £ = Ugaasgli-1
where
1 (3} = Fafwr ) J 2 =tsaeee0,.0.,0

Fyation [111 is knovn as a convolution of the data X with filter weights 3.
This algorithm is easily pre rasmed on micro ¢ampuoters and gives reagsonably fast
execution iiges. Fot larac data sets, (i.e. long time-series), the algorl ho is
sveilable “nard-coded" in devices known as array processors with extremely fast
exercution times,

The first and last u data SOlntslof_thE input time-series must Dbe treated
different ¥. The simplest and statisticelly most scculate appreoach is to use
equation {10}  to compilte new fxlter uelghtn "for each of the endgo;nts. Tkis,
however, DAY 51un1t1cant1{ in¢gresse running tines, especially if
alternat:ive apE:oach 15 to Fit straiaht lines to the first and last 1 data
peints by leas -=quates and extrapolaté these lines forvard or tackward as nec-
essary to groduce U agditional po:ntS et each eod of the ipput time-sgries. The
poving window can then be used on the ayanented 1nput tiwe-series. The fittin
slogorithn and reselting filteripng algorithe are compuetationally very fast. Thi
latter aprroach has veén adopted here. )

The Correlation Algorithm
s described in Section 3, the correlation coefficient r is & statistical

geasure_cf the degree of linear derendence belween WO time-selies. e will
f1rst give a conputational formula for £, then attesmpt to motivate 115 usage.

Iet T and Y be tuo time-series of W observations each. The (sa2aople) mean of
T ix defined by (s2ople)
4] X = {1/F) g xin}
n=1

and the {sarple} variance of X b
{2} v o= (1M 21 (Xeny - ¥z

n=
V(§! measures,_ib a scanse, the size of X. similarly, the [linear) covariance

batween ¥ and Y is given Ey

I - -
n Cov(X, T} = {1/My Z {Xin) = X) {Yin} - 0}
n=
which measures in a sense, how clesely Y resenhles X. If the covariance 15

normalirzed by {ne variances of ¥ and I, we Jet the linear correlation coeffi-
cient betweer ¥ and ¥:

m Covi{l, T
r B vk e -
VN Jvin

¥otivation for this forsula comes fros the following considerations. Suppose
we plot yalues of ¥ versus ¥ oh 2 rartecian coprdinaté systeb, as in the dia-
gram, and let

(51 D= h e B X

represent the Lest linear fit of ¥ to X i.e. the lipear least-squares Iegress
ey Y kR 1 p0ints fall on the ling, that is, If Y & A+ P X, then g and
7 ate completely (linearlv) correlated and it 1s easilv shown that r© = 1 when B
16 positive and r s -1 wheén B is negative. A0n the other hand, if xYand Y are
completely independent of each othér, then’¥ = A whigh igplies ¥ = and from
eguations (3) ahd (4} ve fipd r = . 1+ should be pointed out that a high col-
rélstion betveen variables does not necessarily indicate % hxgh degree of depen-
dence. for example, the rairnfall in Tokyo maj be highl orrelated with pew
bome Sales 1n Sab FLapcisco evep though the twe are obviousiy gnrelated.
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) i lagged correlation acises when one time-serie= ix displaced in
tire relative 10 thée other. Define a nev time-series W by R(n] = Y {p+k}. Then
¥ ois said to lag X by kK time gpils. 1f k takes values between zero and Some
maximum lag tlme% both Cov{X,% and the associated cofrelation become functicps
of k. A Tiot of T versus X reveals the lng time at maximum correlation, or the
so-called phase shift betweern ¥ and R,

The notion of

Discussion

The tine-series analzsis proceddre described and demonstrated in this AperC prp-
vides a useful tock to the coral reef hislogist. Time-serieg date age notori-
o1sly difficult %o analyze object yely, he T5A¢ procedure was das;gned to

elirinate observation wolse and resolrve each Iiue—s ries into a =um of co pgnent
us nigye.
on lxc:oculputersqgor

tipe-series. The components are compar n a d correlation tech

tue TSAP 1is especgullypuseful becauseprt can hg Instggfed :

Lse in a laboratory edvironment. The technlque provides the coral reef biolo-
gist vith a visual display of has dats, a ?rocedgre Eor lodelling the data, and
4 neans of measuring abd displaying the cofrelation between any fwo time series.
The excmpary date mialysis demonstiatiopn shows the usefulness of this Aprroach.
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